LOCAL WELL-POSEDNESS OF THE KDV EQUATION WITH 
QUASI PERIODIC INITIAL DATA 



(N 



KOTARO TSUGAWA 



Abstract. We prove the local well-posedness for the Cauchy problem of the 
Korteweg-de Vries equation in a quasi periodic function space. The function space 
contains functions such that / = /i + /a + .-. + /jv where fj is in the Sobolev space 
[ of order s > —1/2N of ^naj 1 periodic functions. Note that / is not a periodic 

OO ! function when the ratio of periods 014 /ctj is irrational. The main tool of the proof 

is the Fourier restriction norm method introduced by Bourgain. We also prove an 
ill-posedness result in the sense that the flow map (if it exists) is not C 2 , which is 
related to the Diophantine problem. 

1. Introduction 

(Nj ■ We consider the Cauchy problem of the Korteweg-de Vries equation as follows: 

>: 

^j-. u t + u xxx + (u ) x = 0, u(0) = f. (1.1) 

O 

where u(x,t) and f(x) are complex or real valued functions. The local and global 
well-posedness for ( II. ip in H S (T) has been intensively studied. In the present paper, 
we show the local well-posedness in a quasi periodic function space. Note that a 
27r-periodic function on R can be written as / = YlJLi djG lXiX with {A J }°? =1 C Z. On 
the other hand, when / is an almost periodic function, the distribution of {A,}^ on 
R can be totally arbitrary. When / is a quasi periodic function, there exist JVgN, 
a G M. N such that {Xj}'jL l C {a-k : k G Z^}. First, we recall some known results of 
the well-posedness for (II. ip in H S (T). In [3], Bourgain proved the local and global 
well-posedness with s > by introducing the Fourier restriction norm method. In 
|18j . Kenig, Ponce and Vega proved refined bilinear estimates to extend Bourgain's 
local well-posedness result to s > — 1/2. In [6], Colliander, Keel, Staffilani, Takaoka 
and Tao proved the global well-posedness with s > —1/2. Since the KdV equation 
on H s with s < has no conservation law, it seemed difficult to consider the long 
time behavior of solutions in H s with s < 0. To overcome this difficulty, they 
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introduced a regularizing Fourier multiplier operator / and calculated a modified 
energy defined in H s with s > —1/2, which is called the "/-method". Kappeler 
and Topalov proved the global well-posedness with s > —1 by the inverse scattering 
method in [15]. It is known that the flow map is analytic if and only if s > —1/2. 

For the well-posedness results in H 8 {R), see [2], [II], [13], 0, [IB], 0, [21] and 
[9] . For the ill-posedness results and counter examples of bilinear estimates related 
to this problem, see [IB], [22], [25], [20], 0, [22] and [23]. To the best of author's 
knowledge, there are few results for almost periodic initial data. In [8], Egorova 
proved that global solutions of ( II. ip exist when the initial data / is real valued and 
/ G Q S (A) for s G N and s > 4 and that the solutions are almost periodic in t and 
x. Here, we say / G Q S (A) if and only if 

= sup / \f\ 2 + \d°J\ 2 dx) <oo 

and there exists a sequence of a n -periodic functions /„ G H s (M./a n ) such that the 
following condition holds: 

Vp>0, lim e pa '^\\f-f n \\ s = 0, (1.2) 

where A = {a n } is an increasing sequence of positive numbers such that a n+ i/a n G 
N \ {1}. Note that fi + f% ^ Q S (A) if fj is an aj-periodic function for j — 1,2 
and a\/a2 is irrational. Namely, quasi periodic functions are not in <5 S (A). The 
Navier-Stokes equations with almost periodic initial data were studied in [10], |llj . 
[5U] and [12] • Kenig, Ponce and Vega studied the KdV with unbounded initial data 
in [H], which does not include almost periodic initial data. 

In the proof of the local well-posedness results in H S (T) ([3], [TS], [6]), the fol- 
lowing argument is crucial. If u is a solution of (11. ip on T, we have the following 
conservation law: 



for any t. Put 



Then, v satisfies 



u(t) dx = / f dx = c (1.3) 



t) = u — c. (1.4) 



+ 2cv x + v xxx + (v 2 ) x = 0, v(0) = f-c (1.5) 



and Lv(t)dx = Lv(0)dx = 0. In the proof of the local well-posedness by the 
Fourier restriction norm method, the presence of the term 2cv x in (jl.5p does not 
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make any difference. Therefore, it is enough to study (11.11) under the assumption 
Lu(t)dx = f T fdx = when / e H S (T). When u is a spatially quasi periodic 
function, we have the following conservation law instead of (11.31) : 



lim — — / u(t)dx — lim — — / f dx — c 

M->oc 2M J_ M K ' M->oo 2M J_ M 

for any t and we can use the same argument as in the case of T above. Therefore, we 
assume limM->oo fir J_m u (^) dx = ]ha.M-+oc qtt S-m f dx = in the present paper. 

We assume that N e N, a = (a\, a 2 , ■ ■ • , «at) € M. N satisfy a ■ k ^ for any 
k E 7L N where Z, N = 7h N \ (0, • • • , 0) throughout the paper. When fj are 2naJ 1 
periodic functions, J2f=i fj i s n °t a periodic function but a quasi periodic function. 
It is a natural question to ask whether the local well-posedness holds or not in a 
function space which contains J2j=i fj with fj e ^ ' (R/27raJ 1 Z). A quasi periodic 
function X^=i fj can be written as follows: 

N 

^2^2fj( k ) ex p( ia j kx ) 

j =1 ket 

where fj(k) : Z — > C are the Fourier coefficients of fj. Since the KdV equation has a 
quadratic term, we need to consider multiplications of functions of the form above. 
Therefore, we introduce the following function space. 

Definition 1. For a = (cr 1 , ■ ■ ■ , o"tv) 6 R N and a 6 I, we define the Banach space 
G a ' a by 

G°> a = { f(x) = f(k)exp(ta ■ kx) \f:± N ^ C, ||/|| G „. < oo } (L6) 

ke± N 

where 

N 



■- \\J \\Q. 



a 



•*rn ^"fw » = ' 1 + i'i 2 ) 1/2 - 



i=i 

Note that the series in (11. 6p does not converge even in S' when Oj are small (see 
Lemma f5 . 2 [) . Therefore, we introduce the following notations and assumption. 

Definition 2. Let Cj be the standard unit vector in M. N whose j-th component is 
equal to 1 and the others are equal to 0. Put dj = jr-r{(l, 1, . . . , 1) — ej}. For 
s G R, we define 

N N 

As = {J2 e i d i e RN I Yl d 3 = X > e j>°( 1 <J< N )}- (1-7) 
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Using the fact that A s is the set of internal dividing points of dj(l < j < N), we can 
easily check that the series in (II. 6p converges in S' when a < and the following 
assumption holds: 

(A) s>(iV-l)/2, aeA s . 

So, we assume (A) throughout the paper (except Lemma l5\2l) . Here, we give some 
remarks on (A), G a ' a and A s . 

Remark 1.1. If ft G H^ +a (R/2rraj 1 Z), then J2f=i fj e G a ' a . 
Remark 1.2. If a G A s , then J^jli °"j = s - 

Remark 1.3. For simpleness we assume a\ < o~2 < • • • < criv. Then, (A) is equivalent 
to that Ox > and <T\ + h cr, > (j — l)/2 for any j satisfying 2 < j < N. 

We rewrite ( II .ip into the following integral equation: 

u {t) = e- t9 "f+ [ e-^ d "d x (u 2 (t'))dt'. (1.8) 
Jo 

Now, we state our main result. 

Theorem 1.1. Assume (A). Then, (II. 8p zs locally well-posed in G" 7 ' -1 / 2 . 

Remark 1.4. If 01 = ■ • • = o~n, then (A) is equivalent to oj > 1/2 — 1/2N. Therefore, 
from Remark [HI it follows that if r > -1/2 A and ft G H r (R/2iraj 1 Z) for l<j< 
N, then Y,f=i fj e G" 7 ' -1 / 2 with (A). Note that when A = 1, the lower bound -1 /2N 
coincides —1/2, which is the critical value to assure that the flow map in H S (T) is 
analytic. In this sense, Theorem 11.11 is a generalization of the local well-posedness 
result for the KdV on T by Kenig, Ponce and Vega in [18] . 

For a more precise statement of this theorem, see Proposition 14.11 The main idea 
in the present paper is the definition of G CT,a and to take a = — 1/2. It is known that 
a nonlinear interaction between high and very low frequency parts of solutions make 
the well-posedness problem difficult in the study of the KdV equation. To avoid this 
difficulty, we usually use the transform (II .4ft for the periodic case. It is not enough 
for the quasi periodic case because the support of JF x [f\ (£) = Ylkei N <K£ ~ a 'k)f(k) 
can be dense around £ = when / is quasi periodic. In our proof, it is crucial to 
assume T x [/](£) is very small around £ = 0. This is the reason why we use the 
homogeneous weight function \at ■ k\ a in the definition of G a,a and take a = —1/2 
(see Remark 15. ip . Similar ideas were used for some different problems, for instance, 
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for a stochastic KdV equation in j7], for quadratic nonlinear Schrodinger equations 
in [23] and for the fifth order KdV equation in [T6] . 

We also prove an ill-posedness result in the sense that the flow map in G a,a (if it 
exists) is not C 2 at the origin under some condition on a and a, which is related to 
the Diophantine problem (see Proposition 15. ip . A relation between a Diophantine 
condition and the well-posedness of a coupled system of KdV equations is studied 
by Oh in [25] and |27J. The method used for the ill-posedness result is introduced 
by Bourgain in [I] to prove that the flow map of KdV in H S (T) (if it exists) with 
s < —1/2 can not be C 3 . 

If u is a real valued solution of (II .ip and / is a quasi periodic function, the 
following conservation law holds (at least formally): 



\u(t)\\%o,o — lim / u 2 (t)dx = lim / f 2 dx — 1 



G o,o. 



Unfortunately, we can not extend the local solutions obtained in Theorem 11.11 to 
global ones by using this conservation law because \\u(t) || Go -,-i/2 with the assumption 
(A) can not be bounded by ||m(/)||go,o. On the other hand, for the periodic case, 
we have the global well-posedness in H S (T) with s > —1/2 in [B]. Therefore, we 
can easily obtain the following result by combining the global well-posedness in 
H ai -^ 2 (R/2na^ 1 Z) and Theorem O 

Corollary 1.2. Assume (A). Let r > and T > 0. Then there exists e = e(r,T) > 
which satisfies the following: if initial data f E G" 7 ' -1 / 2 satisfies f = g + h, 
g e B r (H rT1 - l / 2 (R/2nai 1 Z)), h e B £ (G a '~ 1/2 ) and g is real valued, then the solution 
°f flEBD obtained in Theorem \l.l\ can be extended on t G [— T, T]. 

The main tool of the proof of Theorem II .11 is the Fourier restriction norm method. 
We define the Fourier restriction norm as follows: 

Z^ a = {u{t) e S'(R : G a ' a ) | Utilize < oo}, 

M Um — \\U v-a,a,l/2 ~\~ II U I yo-, a, , 

||w|| XCT , a ,f, = || (r + (a ■ k) 3 ) b u\\Q^ aL 2, 
\\u\\ Y <T,a,b = \\(t + (a ■ k) 3 ) b u\\Q^ aLl , 

where u = T^u. Note that Z a,a is continuously embedded in Ct(R : G cr,a ). 



In the proof of Theorem ll.l| the following bilinear estimates play an important 
role. 
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Proposition 1.3. Assume (A). Let T > 0. Then, there exists £ > 1/8 such that 
the following estimates hold for any u, v satisfying supp u, supp v C [— T, T] x R; 

11(^)^11^,-1/2,-1/2 < T e ||M|| XCT ,-l/2,l/2|H| XCT ,-l/2,l/2, (1.9) 
\\{uv) x \\ Y <y,-l/2,-l < T e \\u\\ X a,-l/2,l/2\\v\\ X <r,-l/2,l/2. (1-10) 

Finally, we give some notations. We will use A < B to denote an estimate of the 
form A < CB for some constant C and write A ~ i? to mean A < i? and < A. 
Implicit constants may depend on a, b, a and N. For a Banach space X, We define 
-B r (A) = {f e X \ \\f\\x < r }- Let x{t) be a smooth function such that xif) — 1 
for \t\ < 1 and x(t) = for |t| > 2 and Xt(^) = x(t/T)- Tt (resp. J-" x ) is the 
Fourier transform with respect to t (resp. x). The rest of this paper is planned as 
follows. In Section 2, we give some notations and preliminary lemmas. In Section 
3, we prove bilinear estimates. In Section 4, we prove Theorem 11.11 and Corollary 
11.21 In Section 5, we prove an ill-posedness result. 
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2. PRELIMINARY LEMMAS 

Lemma 2.1. Assume (A). Let a e R, e > e' > and T > 

It || J^o-,a,l/2-£ ^ T S Hull JfCT,a,l/2 

for any u satisfying supp u C [— T, T] x R. 

Proof. Let supp g(t) C [— T, T\. Then, by the Plancherel theorem and the triangle 
inequality, we have 

|M|„i/ 2 -e = IIxt^IU*-. < ||((r) 1/2 - £ |^XT|) * I^HU? + IH^XtI * ((r) 1/2 - £ |^|)|| L? 
By the Young inequality and the direct calculation, the first term is bounded by 
ll(r) 1/2 - £ ^r||L?II^IU? < T £ '||(r) 1/2 ^|| L 2, 



Then, it follows that 



(2.1) 
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where 1/p — s — e' + 1/2 and 1/q = 1 — e + e' . In the same manner, the second term 
is bounded by 

II^Xt||l?II(^) 1/2 ^IIl? < T £ '||(r) 1/2 ^|| L? , 
where 1/p = 1 — e' and 1/q = e' + 1/2. Therefore, we obtain 

\\u\\ X a,a,l/2-e = || {8 t ) 1/2 ~ £ CXp (~t ^) u\\ G *,a L 2 

< T^\\(d t } 1/2 exp(-td 3 x )u\\ G ^ = T^'\\u\\ x ^ 



1/2. 



□ 



Lemmas I2.2[ 12.31 are variants of the Sobolev inequality. 
Lemma 2.2. (i) Let min 1 < ? <7v{c r j} > 1/2. Then, it follows that 



\\ uv \\g"' IMIg^oIMIc 7 ' - 
(mJ Lei o"i = 0, min2<j<7v{<7j} > 1/2 and a > 1/4. Then, it follows that 
|j (^-^)l|a-^l)" a |«(^-^)P(^)l 

Proof. By the Schwarz inequality, we have 



(2.2) 



< 



G CT 



| It | ] <5<j-,o 1 1 V 1 1 Gfo-,0 . 



(2.3) 



N 



\uv\\g^ < E H( k i) 



2a, 



u(k - k')v(k') 

k'£± N ,k'^k 



N 



< °m E E n (*i - ^) 2,7j (^) 2ctj s(* - W) 

fcezjv k'& N ,k'^ki =1 
<Ci{a)\\ 



where 



-2ct, 



C7x(a) = sup £ J] (%> 2 ^ (fcj - k'f 2 ^ (k' 3 y 

k&LN k'GZ N ,k'^kj =1 

Since C\(a) < oo, we obtain ( 12.21) . Put 

F(Jfe)= ^ (|a-Jfe||a- (fc- k')\\a-k'\)' a \u{k- k')\\v(k')\, 

k'GZ N ,k'^k 

F ^ k ) = m\ aM> _ v m) = nk)\ aM<1 - 

In the same manner as the proof of (12. 21) . we obtain 

ll^ilb-.o ~ IMIg^IMIg^ 



(2.4) 
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since 

C 2 (cr,a) 

N 

sup £ (\a ■ k\\a ■ (k - k')\\a ■ k'\y 2a J] (kj) 2 "* (k d - typify 



|o ' fc| - 1 k'ei N ,k'^k i=i 



N 



k'ez N ,k'^k 3=1 
Because j^{k\ G Z | \a ■ k\ < 1} ~ 1 for any (A; 2 , • ■ ■ , k N ) G Z^ -1 , we have 

TV 

ll^||| CT ,o< En^) 2CTj '( E Hk - k')\\v(k')\] 



k&L N 3= 2 k'£Z N ,k'^k 
N 



2 

|a-Jfc|<l 



< sup e n^( E iscfc-AOiiwiV 



l >& {k 2 ,-,k N )& N - 1 3=2 k'€Z N ,k'^k 



(2.5) 



By the Schwarz inequality, we have 

( e m - k')\\v(k')\ 

k'eZ N ,k'^k 

<( E \Hk - k^yjivik')^' 

(k' 2 ,-,k' N )ez"-i 1 l ' 

n (2.6) 

(k> 2 ,-,k' N )&"-lj=2 

N 

x E (n <*i - fc ;) 2,T ^) 2<T - *o% • 

(fc^-.fc^ez*- 1 i=2 fcl fcl 

Here we have 

TV 

su p N , E II ^ 2aj - k ^ 2aj ^r 2 * 3 s L (2.7) 

(k 2 ,- ,k N )€Z N 1 ( fc ^... jfc ^) eZ JV-l j=2 

Therefore, from (I2.5l) - fl2.7p . we obtain 

ll^||| CT ,0 

N 

% e e (n (*i - ^)^(^) 2<Ti )n^ - fcoii|, hwii^ 

(fe 2 ,-,fcjv)6Z JV - 1 (fe^-.fe^ez^- 1 i=2 1 1 

<- II ||2 || ||2 

(2.8) 

Collecting (f23D and (l2T8"j) . we obtain Q. □ 
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Lemma 2.3. Let A,B,C G M, min{a, b, c} > 0, min{a + b,b + c,c + a} > 1/2 and 
a + b + c > 1. Then, it follows that 

\\(- + A)~ a f*g\\ L i < \\(. + B ) b f\\ L 4(. + C) c g\\ L , (2.9) 

where the implicit constant depends only on a, b and c. 

Proof. (12. 9 p is equivalent to 

(r + A)- a (r-r' + B)- b f(r-r')(r' + C)- c g(r')dr'\\ L1 < \\f\\v\\g\\„ 

By using the Schwarz inequality, the left hand-side is bounded by 

II (r + A)- a (r -r' + B)-\r> + Cy c \\ L% ^ \\f(r - r')g(r') \\ L ^ < \\f\\v\\g\\». 

Here, we used 

J J (T + A)- 2a (T-T' + By 2b (r' + Cy 2c dr'dT < C 

where the constant depends only on a, b and c. □ 

Lemma 2.4. Let r, r' G R, k, k' G 1 N . Then, it follows that 

M : = max{|r + (a ■ fc) 3 |, |r - r' + (a ■ (fc - A;')) 3 |, |r' + (a • F) 3 |} 



> 



| a ■ k\\a ■ (k — k')\\a ■ k'\. 



(2.10) 



The proof of Lemma I2T41 follows from the triangle inequality and a 3 — (a — 6) 3 — 6 3 = 
3a6(a — 6). The following lemmas are standard tools of the Fourier restriction norm. 
For the proofs, see e.g. [14"] . 

Lemma 2.5. Assume (A). Lei a£l Then, for any f , it follows that 

\\x(t)e- td *f\\z^ < \\f\\ G ^. 
Lemma 2.6. Assume (A). Let a G R. Then, for any F, it follows that 
\\ X (t) [ e-<*- ir > i %Ftf)d1?\\z*,a < \\F\\ x „, a ,- i/2 + ||F|| yCT , a ,-i. 

3. PROOF OF THE BILINEAR ESTIMATES 

Our aim in this section is to prove Proposition II. 31 The proof of the following 
lemma is almost similar to that of Theorem 1.2 in [18J. The difference is the presence 
of P, Q. It is crucial that the implicit constant in (13. ip does not depend on P, Q to 
apply Lemma 13.11 for the proof of Lemma 13.21 
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Lemma 3.1. Let a.\ 7^ and b > 3/8. Then, the following estimate holds for any 
P,Q el and any functions u(t, ki),v(r, k{) on R x Z: 



II M *tm \v\\\ei l 2 

< || (r + (aifci + Pf) u{jM)\(\l%W + (<*ih + QY) u(T,h)\\ iliL 2, 
where the implicit constant depends only on ci\ and b. 

Proof. We first consider the region A — {fci G Z I 3af \a\k\ + P + Q\ > l}. Applying 
the Schwartz inequality, we have 

\u\ *r M \v\ < I(r, h) 1 / 2 ^ + (a.h + P) 3 f\u\ 2 * rM (r + (a.h + Q) 3 f\v\ 2 ) 112 
where 

J(r, h) = (t + (ath + P)Y 2b * rM (t + ( ai h + Qfy 2b . 

If we have 

sup i"(T,A4)<l, (32) 



then we obtain 



\ U \ *T,kl MII^A)^ 



< ||((r + ( ai h + P) 3 f b \u\ 2 ) * rM ((r + (a.h + Qff\v^ 1/2 



k 1 t 



< || (r + {a x k t + P) 3 )^||^ L? || (r + {a x h + Qffvh;^ 

from the Young inequality. Therefore, we have only to check (I3.2p . Since (r + (3)~ 2b * T 
(t + 7) -26 < (r + /3 + ^,^ min { 1 - 4b '- 2b }^ we h ave 

I(r, h) < J> + + Qf + - K) + P) Y^ b '- 2b \ 

Note that 

r + ( ai k[ + Q) 3 + (atih - k[) + P) 3 
=t + Sa^axh + P + Q)A;f + r(c*i, k u k[, P, Q), 

and the order of fci, k[, P, Q) with respect to k[ is less than 2. Because min{l — 
46, -26} < -1/2, we obtain (13T21 . 
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Next, we consider the region A c = {ki G Z|3a 2 |aifci + P + Q\ < 1}. Since 
#A C ~ af 3 , it follows that 



u \ *tM \v\\Ul (A-)L% ^ "i 3 SUp \ U ( T > k l ~ K) \ *r \v{T,k[) 



< a 1 3 sup ki — k[)\ * T \v(t, k[) 



LI 



LI 



(3.3) 



Applying the Schwartz inequality, we have 
\u(t, k x - k[) \ * T \v(t, k[)\ 

< J(r, k, k'^f « T + {^{h - k[) + Pff\u(r, h - k[)\ 2 ) 



(3.4) 



„, X 1/2 

^((r + ^ + g) 3 ) 26 !^,^)! 2 )) 

where 

J(r, fei, fei) = (r + (a^ - fci) + Pfy 2b * T (r + (c^ + Qfy 2 \ 
Obviously, 

sup J(r, kiik't) < 1. 

Therefore, from fl3.3p - fl3.5p . we obtain 

II 1^1 *tM mhl^A^Ll 
< sup \\( T + (Mh ~ K) + P) 3 f b \u{r, k x - k[)\ 2 



(3.5) 



J\\2 



1/2 
Li 



< sup ^ II (r + {a\{ki - k[) + P) 3 ) b \u(r, h - k[) 



Li 



(r+( ai k[ + Q) 3 } b \v(T,k[)\ 
< «r 3 || (t + {aih + P) 3 ) b u(r, k x )\U Ll || (r + (c^i + Q) 3 ) b w(r, k^U ia- 

k-^ T k-^ T 



Ll 



□ 



Lemma 3.2. Assume (A) and b > 3/8. Then, the following bilinear estimates hold: 



\\uv\\x"fi,0 < 1 1 wH^cr, 0,6 I 1 1 J\fo-,0, f>, 
Ultf Ix-ct.O,-!) ^ \\U \\x a >°' b IP |x ct '°'°; 
Mf | |ycr, 0,-1/2 ^ ||M||x CT >0,b||f||^<T,0,6, 



(3.6) 
(3.7) 
(3.8) 
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Proof. Since a is an internal dividing point of sdj/(N — 1), we have the estimates 
for general a by interpolating among the estimates for a = sdj/(N — 1) with j = 
1, • ■ ■ ,N. By symmetry, we have only to consider the case a = sd\/ (N — l), namely, 
a 1 = 0,a 2 = --- = a N = s/{N - 1) > 1/2. 

We first prove (13.61) . The left hand-side of (13.61) is bounded by 

ii N r 

11 II E Hr-r',k-k')\\v{r',k')\dr' < 



i= 2 k'£Z N ,k'^k 
N 



£ 2 L 2 



||n^) CT3 E IE/ ISCr-^fc-^ll^r'.fc'JIdr'll , 

Applying Lemma [37T1 with P = J2^=2 a j(^j ~ Q = J2j l =2 a jkj anc ^ (12.21) with 
respect to k 2 , ■ ■ ■ , k N variables, we obtain (13.61) . 
By the duality argument, (I3.7p is equivalent to 

||mw||x- ct .o,o < ||u||jy CT ,o,i,||u|| j )f-CT.o,i', 

which is obtained in the same manner as the proof of ( 13.61) if we apply the duality 
of (Q: 

II^IIg— •« ^ IMIg". o IMIg- ct . 

instead of (jZ2)) . 

Finally, we prove (13.81) . Divide K x x R x into the following three parts: 
Qi = {{r,k,r',k')\ |r + (a-A;) 3 | > max{|r' + (a • A;') 3 )|, \r - r' + (a • {k - k')) 3 \}} 
Q 2 = {( r , k,r', k') \ \r' + (a • A;') 3 | > max{|r + (a • fc) 3 )|, |r - r' + (a ■ (k - k')) 3 \}}, 
Q 3 = {( T ,k,r',k') | \t -t' + (a ■ (k - k')) 3 \ > max{|r' + (a ■ k')% |r + (a • fc) 3 |}}. 
Put 

= E J \u{r-r',k-k')\\v{T',k')\l^dr' ( 3 9 ) 

for j = 1,2,3 where 



ln(r, k,T',k') 

Then, we have 



1 when (r, /c, r', fc') G f2, 
otherwise. 



3 



UV ||y CT ,0,-l/2 < ^ J|/ '')||>-." ! -J 



EH F ;(< 
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By symmetry, we have only to estimate \\Fj(u, v)\\ Y <7,o,-i/2 for j = 1,2. 

In fli, it follows that |r + (a ■ k) 3 \ > \a ■ k\\a ■ (k — k')\\a ■ k'\ from Lemma [2 
Therefore, we have 



|| Fi (u, V) || y„,o,-i/a 



< 



(r + (a-fc) 3 ) 6 " 5/8 ^ / (|a- fc||a- (A; - fc')||a- fc'l) 
k' 

x\u{T-T',k-k')\\v{T',k')\dT' 



/ 1 a/8-6 



which is bounded by 

||^(|«- k\\a- (k- k')\\a- k'\} 1/8 - b 
v 

x ||(r + (a • (* - A;')) 3 )^(r, A; - fc') || L? || (r + (a ■ k'f) b v(r, k') \\ L% 



< 11^11x^,0,6 1| V || X *,0,b 



from Lemma 12.31 and Lemma 12.21 

In tt 2 , it follows that |r' + (a ■ A;') 3 | > |r + (a • A;) 3 )|. Take e > 0,6' > 3/8 such 
that 6 > b' + e. Then, we have 

\\F 3 (u, T;)|| y „,o,-i/ a < ||(r + (a ■ kfy 1/2 - e (\u\ * T , k (r + (a ■ k) 3 ) £ \v\)\\Q afiL i 

< || |u| * Ttk (t + (a ■ kff\v | ||g CT , 0i 2 

~ ll^llx "' - 6 ' IMIx CT >°' b '+ e ' 

Here, we used the Schwartz inequality in the second line and (13.61) in the final 
line. □ 

Proof of Proposition First, we prove (II. 9p . By symmetry and the decomposition 
(13. 9p . we have only to prove 

\\Fj(u,v)(r, k)\\ X a,i/a,-i/a < T £ ||M|| XCT ,-i/2,i/2||f || XCT ,-i/2,i/ 2 (3.10) 

for j = 1, 2. In tt u it follows that (r + {a ■ A;) 3 )" 1/2 |a • k\ 1/2 < \a ■ k'\~ 1/2 \a ■ (k - 
^|-i/2_ Therefore, for any b > 3/8, the left-hand side of (I3.10p with j = 1 is 
bounded by 

||(|a • £;| _1/2 |w|) * (|a • k\' 1/2 \v\)\\ x ,,o,o < \\u\\ x *,-i/2,b\\v\\ x .,-i/a,b 

where we used (13. 6p . From Lemma 12. 1[ we obtain (I3.10p with j = 1. In ^2, it 
follows that | a • k\ 1/2 < (r' + (a ■ k'f) l/2 \a ■ k'\~ 1/2 \a ■ (k - k')\^/ 2 . Therefore, for 
any b > 3/8, the left-hand side of (I3.10p with j = 2 is bounded by 

||(|a • k\- l ' 2 \u\) * T , fc (\a ■ fe|-VV + (a ■ A:') 1 1/2 1^1 ) ||^ t o,-x /2 

~ ||'W||x CT .- 1 /2,ft||f||x CT ~ 1 /2,l/2 
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where we used ( 13. Tj) . From Lemma [2.11 we obtain (I3.10p with j = 2. 

Next, we prove (11.101) . By symmetry and the decomposition (13. 9p . we have only 
to prove 

\\Fj(u,v){T, A;)||y CT ,i/2,-i < T £ ||n|| XCT ,-i/2,i/2||t;|| XCT ,-i/2,i/2 (3.11) 

for j = 1, 2. In Q u it follows that (r + (a ■ k) 3 )~ 1/2 \a ■ k\ 1 / 2 < \a ■ fc'|- 1/2 |a • (k - 
A;')! -1 / 2 . Therefore, for any b > 3/8, the left-hand side of (13.1 ip with j = 1 is 
bounded by 

||(|a • £;|~ 1/2 |w|) * Tjfc (\a ■ k\- 1/2 \v\)\\ Y <r, ,-i/2 < \\u\\ x <r,-i/2,b\\v\\ x *,-i/2,b 

where we used (13. 8p . From Lemma 12.11 we obtain (13. lip with j = 1. In f^, it 
follows that | a ■ k\ 1 ' 2 < (r' + (a • A;') 3 ) 1/2 |a ■ k'\~ l / 2 \a • (k - k')\- l l 2 . Therefore, for 
any 1/2 > 6> 3/8 the left-hand side of (13. lip with j = 2 is bounded by 

||(|a ■ k\' l ' 2 \u\) * Tk (\a ■ k\~ x ' 2 \T + (a ■ A;) 3 | 1/2 |£|) ||y-.o,-i 



\- l/2 \u\) 


*r,k (\at ■ 


■ k \ 


-1/2 


r + (a ■ 


■ A;) 3 1/2 


\- l/2 \u\) 


*r,k (\a ■ 


■ k\ 


-1/2 


\t + (a ■ 


■ A;) 3 1/2 



< ||(|a • />' ' "|'/| ) * r ./, ( |n • />' - -\r+ in • /v j ' ' -|r|)||. v ~,, /, 

~ ||w||x".-l/2.i>||f || X ,t,-1/2,1/2 

where we used the Schwarz inequality with respect to r in the second line and (13. 7ft 
in the final line. From Lemma [2.11 we obtain (13. lip with j = 2. 

□ 



4. WELL-POSEDNESS RESULTS 

In this section, we give outlines of the proofs of the local well-posedness result 
below and Corollary 11.21 

Proposition 4.1. Assume (A). 

(Existence) Let < 9 < 1/8. For any r > 0, there exists T ~ minlr^ 1 / 61 , 1} which 
satisfies the following: for any f G -B r (G°" ,_1 / 2 ) ; there exists u G C([—T, T]; G "'™ 1 / 2 )!"! 
Z a - 1 / 2 satisfying JTS]) ont G [— T, T]. Moreover, the flow map, f G B r (G a ~^ 2 ) H> 
u G C([-T,T]; G" 7 ' -1 / 2 ) n Z' 7 '- 1 / 2 zs Lipschitz continuous. 

(Uniqueness) Ifu,vE C([-T, T]; G CT ' -1 / 2 ) n Z^ 1 / 2 safe/y (JTSJ on t G [-T,T] ; 
t/ien w(t) = f (t) on t G [— T, T]. 

We can prove this proposition by the standard method of the Fourier restriction 
norm method (see e.g. [H], [18]) . Therefore, we describe only the proof of the 
existence. 
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Proof. Put 

M(u) = X (t)e- ta *f + X (t) f e-^ 9 *d x ( X T(t')u(t')) 2 dt> . 



o 



We shall show M is a contraction on Bc (Z a '^ 1 ^ 2 ) where Co > is to be determined 
later. Then, we have a solution of u = M(u) by the fixed point argument, which 
satisfy (II. 8p on i G [— T, T\. From Lemma [2.5| we have 



\\x{t)e t9 "f\\ Z ,,-i/2 - \\J HG-a.-l/a. 

From Lemma [2.61 and Proposition II .3| we have 

I|X(*) /'*e- ( *-*' ) *fi«Cer(fM*')) a * , |l^.-i/- S T e \\ XT u\\l^ 1/2 < T e \\u\ 
Jo 

Combining them, we obtain 

\\Mu\\ z „,-y 2 < C||/|| G „,-i /a + CT e \\u\\ 2 z ^ 1/2 
< 2Cr 

Hue B Co {Z^- 1/2 ), C = 2Cr and T < (4C 2 r)~ 1/e . We conclude that M is a map 
from Bc (Z C7 ~ 1 / 2 ) to itself. In the same manner, we have 

\\M(U — v)\\ Z <j,-l/2 < CT 6 \\U — V\\ z <j,-1/2\\U + v\\ Z <r,-l/2 

< 1/2||m — V \\ z <r,-i/a 

for u,v e J B Co (^ CT '" 1/2 ). □ 
Here, we introduce the localized norm of Z rT,a ; 

\\u\\ z °,a = {inf H^ll^.a I v = u on [ii, £2]}- 

[*1,*2] 

Outline of the proof of Corollary \1.2i In Theorem 2 in |6], a priori estimate and 
global well-posedness for (II. 8p with real valued initial data in H ai ~ 1 ^ 2 (M. \ 2naJ 1 7 J ) 
have been proved. Therefore, there exist C* = C*(T, r), 5 = 5(T, r) and 1/8 > 6 > 
satisfying 

sup ||v(t)|| GCT ,-i/2 = sup ||w(t)|| HCTl -i/2 < C*, 
te[-T,T] te[-T,T] 

O<5 «C;\ sup ||v|La,-i/a <C*, k := T/5 G N 

-k+l<j<k IU~V)SJS\ 

for the solution t> of (I1.8P with initial data g. Since we have the local well-posedness 
in C 7 ' -1 / 2 and the existence time of solutions depends only on the size of the norm 



< 



2 
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of initial data, we only need to prove the following a priori estimate: for sufficiently 
small e > 0, the solution u of (11.81) satisfies 

sup ||tt(£)|| G «7,-i/2 < 2C*. 
te[-T,T\ 

For that pourpose, put w = u — v and we will show 

sup ||w;(t)|| GCT ,-i/2 < Ce < C* u \\ 

te[-r,T] v ' ' 

where e > is to be determined later. For simpleness we consider only < t < T. w 
satisfies the following integral equation: 

w(t) = e- td *w{(] - 1)5) + f e- {t - t,)d *d x {w{t')(w{t') + 2v(t'))) dt'. 

J(j-l)6 

Therefore, if we have 

IKC7 - l)<*)llG*.-va < C J-i £ < C*- 

then we obtain 

sup \\w(t)\\ < C\\w\\ < C\\w({j - l)<S)|| G *,-i /a < Cje 

(j-i)s<t<js [Q-mjs] 

in the same manner as the proof of Proposition H?Tl because 5 9 \\w+2v \\ „ CT ,-i/2 << 1. 

Z [(j-l)S,jS] 

We can iterate this argument until j = k if we take e sufficiently small such that 
su Pi<j<fe Cje « C*. □ 

5. ILL-POSEDNESS RESULTS 

Let and K > 0. We say that \i is a number of type (K, p) if for any 

integers p and q 7^ 0, 

K 



p 

H-- 
Q 



> 



2+p' 



Note that almost every \i e R is a number of type (K, p) for some K > when 
p > by Lemma 3 on p. 114 of pp. By Dirichlet's Theorem (see, e.g. Theorem 1A 
on p. 34 of [28]), if p € R is a number of type (K, p) for some K > 0, then p > 0. 
We define p M by 

p M = inf {p > I p is a number of type (if, p) for some if > 0} 



as in [26] . 

For simplicity, we consider only the case N = 2. 
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Proposition 5.1. Assume that p = axja^, a > (2 min{<Ti, 02}— min{l, p^}) / (1+p^) 
and min{cri, a 2 } + a > —2. Let r > 0, 1 > T > 0. Then, the flow map of (\l.8\1 from 
initial data f G B r (G a ' a ) to a solution u G C([— T, T] : G" 7 ' 11 ) exists) cannot be 

C 2 differentiable at the origin. 



Remark 5.1. When a 2 = Ojp^ = 1, the assumption on a in Proposition 15.11 is 
a > —1/2. This is the reason why we take a = — 1/2 in Theorem ll.il 

Proof. By symmetry, we assume cr\ < a 2 . We assume that the flow map is C 2 and 
u{^,t,x) is the solution of (II. 8p with initial data 7/ where 7 > 0. Then, following 
the argument in [29] (see also [1]), we have 



du 
d 2 u 



(0,t,x) 



(0,t,x) 



e^*/(x):=iii(t,x), 



07 jo 
We only need to show that 



- (t - m d x ( Ul (t', x)) 2 dt! := u 2 (t, x). 



\u 2 (t,x) 



2 



fails. From the definition of p M , for any e > 0, we have the following: 
(i) There exists K > such that 



Oi _ p 

«2 <? 



> 



|2+p M +£ 



(5.1) 



holds for any integers p and q 7^ 0. 

(ii) For any n G N, there exists (p n , g n ) G Z 2 such that 



«1 _ Pn 
«2 <?n 



< 



n 



|2+p M -e 



K7, 



(5.2) 



Note that, from (15. 2L it follows that p n ~ q n — >■ 00 as n — > 00 if e is sufficiently 
small. Put 



/n(&) = |?n| 



L (-9n,0) 



(fc) + \a x q n - a 2 p n | a |<?n| ai \p n \ CT2 1 



(lJn,-Pn) 



where l( ai 6)(/c) = 1 for A; = (a, 6) and l( ajfe )(fc) = otherwise. 
Then, 
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We shall show that ||w 2 (t, x)||g ct ^ — > oo as n — > oo. Put <p a (k, k') = 3(a ■ k)(a ■ k')(a ■ 
(k-k 1 )). Then, 



f V e- a '^ k '\a-k)Uk-k')Uk')dt' 
Jo , , ■„ 



e t9 -u 2 {t, k) = i 

k'ez N 
= I 1 + I 2 + I 3 

where 

j l = _2i f g- i *Vc«((0,-p»),(?n,-p„)) ^fJ 

Jo 

x {a 2 Pn)\uiq n - a 2 p„r a |gnr a " 2ffl bnr a2 l(o- P „)(A;), 

I 2 = -2i / < e- i ''^ (( - 2( '- 0) ' ( -^' 0)) rft / (a 1 g n )|g n |- 2a - 2CTl l ( - 2gri ,o)(A;), 
>/ 



X {ot x q n - a 2 p n )\aiq n - a 2 p n \ 2a \q n \ 2ai \p n \ 2<r2 l(2 9n ,-2 Pn )(k). 
We shall use the following inequality to estimate the integral with respect to t' 



1 



> sup 



- u ' y dt' 



> 



T 



(y) ~ te[-T,T] Jo ~ (y)' 

First, we estimate sup t6[ _ T)T] ||/i||g^- Since \q n \~ p,l ~ l+e > \a.xq n -a 2 p n \ > \q„\^ p ^ 
we have 

urn > Jaiqn -a2Pn\- a \q n \- a - 2(T1 \Pn\ a+1 

sup J 1GCT ,a>T - ^ — 

> Tmin{|g n r^ +1±£ )- 2CT1+1 , | gn |(»+i)0*.+i±<0-*'i-i} ) 

which goes to 00 for sufficiently small e > 0. 
Obviously, we have 

sup ||I 2 ||<*. < lqnl n a ]2 +1 ~ \qn\- a -^ 2 < 1. 
te[-T,T] {\q n n 

Finally, we estimate sup fg [_ TT ] II^Hg^- 

sup ||/ 3 ||g*.» % 

te[-T,T] 

« sup ||ii|| G »,». 

te[-T,T] 

Therefore, we conclude \\u 2 (t, x)\\g°,<> — > 00. □ 

Finally we prove the following lemma to show that the condition s > (N — l)/2 
in (A) is necessary to assure that the series in (jl.fip converges in S'. 



\a>iq n - a 2 p n 


- a+1 \q n \ 


- ai \Pn 


-<T2 


(\aiq n - a 2 p n 


I 3 ) 



fn(k) 
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Lemma 5.2. Let a G R, a s > for all < j < N and J2f=i °j < ( N ~ l )/ 2 - Th( ^ n 
there exists {f n } C G a ' a which satisfies the following: 

(l) SUP„ ||/ n || G *,a < 1 

(ii) for some if G V, (f n , J 7 ^ 1 [</?]) = (^[/n], V 7 ) oo as n ^ oo 
Proof. Put 

A n = {iG | (x) < n and 2|ajv| < |a • x| < 4|ajv|}, 

(/c) 1_JV (log (k))^ 1 , when fceZ w n4 
0, otherwise. 

Let </?(£) G "D such that </?(£) = 1 for 2\a N \ < £ < A\a N \ and </?(£) = for £ < |q;jv| 
or £ > 5|aijv|. We have the following relation between the Fourier transform and the 
Fourier coefficient 

Jx[/n](0= E ^ -«•*)/»(*)■ 

Therefore, we have 

(^[/ B ] >¥ »>~ e w^aogw)- 1 ^^, 

and 

v 

ll/nll^.-W 2 " E (^) 2(1 ~ iV ' l (l g (^))~ 2 (kj) 2aj 
ke± N nA n 3=1 

< e (*> 1 - JV (iog<*»- 2 <i. 

ke± N nA N 

Here we used 



lim / Tj—^ dx ~ C(«Ar) / dx = oo 

J An (xf- 1 log (x) V-x (x)^- 1 log (x) 



and 

sup A N _ x ~ C(a N ) / Ar _ 1 < 1. 

n JAn(x) (log(x)) 2 Jrn-i ( X ) (log(x)) 2 



□ 
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